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Abstract
In this article, we study the free vibration and the mechanical buckling of plates using a three dimensional consistent approach
based on the scaled boundary finite element method. The in-plane dimensions of the plate are modeled by two-dimensional
higher order spectral element. The solution through the thickness is expressed analytically with Pade´ expansion. The
stiffness matrix is derived directly from the three dimensional solutions and by employing the spectral element, a diagonal
mass matrix is obtained. The formulation does not require ad hoc shear correction factors and no numerical locking arises.
The material properties are assumed to be temperature independent and graded only in the in-plane direction by a simple
power law. The effective material properties are estimated using the rule of mixtures. The influence of the material gradient
index, the boundary conditions and the geometry of the plate on the fundamental frequencies and critical buckling load are
numerically investigated.
Keywords: vibration, buckling, scaled boundary finite element method, functionally graded material, in-plane material
inhomogeneity.
1. Introduction
The introduction of new class of engineered materials, coined as functionally graded materials (FGMs) has spurred
the interest among researchers to study the response of structures with these materials. The FGMs are characterized by
smooth and continuous transition of material properties from one surface to another. Typically FGMs are made from a
mixture of a ceramic and metal. The ceramic constituent provides thermal stability due to its low thermal conductivity,
whilst the metallic phase provides structural stability. FGMs eliminate the sharp interfaces existing in laminated composites
with a gradient interface and are considered to be an alternative material in many engineering applications. The material
properties can be graded in the thickness direction, in the in-plane or in both the directions. It can be seen from the literature
that considerable attention has been devoted to functionally graded material plates with properties graded in the thickness
direction [26, 8, 7, 27]. From the literature, it can be seen that the static and the dynamic response of functionally graded
material plates and shells is studied extensively. It is beyond the scope of this paper to review the literature on plate/shells with
material properties graded in the thickness direction. Interested readers are referred to the literature and references therein and
a recent review by Jha and Kant [13]. To the author’s knowledge there are only a few investigations on the structural response
of structures in which the material is graded in the in-plane direction or in both directions [21, 24, 23, 9, 18, 17, 32]. Qian
and Ching [24] and Qian and Batra [23] optimized the fundamental frequency of bi-directional2 functionally graded beams
and plates by employing meshless local Petrov Galerkin method. By employing element free Galerkin method, Goupee
and Vel [9] optimized the natural frequency of bidirectional functionally graded beams. Nemat-Alla [21] by employing
the rule of mixtures studied the thermal response of FGM structures graded in both the directions. Lu¨ et al., [18] derived
semi-analytical solutions based on differential quadrature method for beams graded in both the directions. It was observed
that the thermal stresses can be reduced by bi-directional functionally gradation instead of the conventional unidirectional
functionally graded materials. Very recently, Liu et al., [17] and Uymaz et al., [32] studied the fundamental frequency of
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plates with in-plane material inhomogeneity by Levy’s type solution and differential quadrature method, respectively. It
was observed that the fundamental frequency of the plate with in-plane material inhomogeneity is highly influenced by the
gradation.
It is noted that in all of the above studies, the plate structures are modelled by employing two dimensional structural
theories. The different approaches employed are: single layer theories, discrete layer theories and mixed plate theory. In
the single layer theory approach, the plate is assumed to be one equivalent single layer (ESL), whereas in the discrete layer
theory, each layer is considered, for example in the case of laminated composites. Although the discrete layer theories provide
very accurate results, increasing the number of layers increases the number of unknowns and in turn the computational time.
Recently, Carrera [5, 4] derived a series of axiomatic approaches for general description of two-dimensional formulations
for multilayered plates and shells. With this unified formulation, it is possible to implement in a single software a series of
hierarchical formulations, thus affording a systematic assessment of different theories ranging from simple ESL models up
to higher order layerwise descriptions. The aforementioned plate theories have been used to develop discrete models such as
the finite element method [11, 2, 22], meshless methods [6, 7, 16] and more recently, isogeometric analysis [30, 33, 31]. A
comprehensive review of various meshless methods for analyzing plates and shells is given in [16]. Although, the numerical
methods provide a general and systematic technique to analyze plate structures, difficulties still exist in the development of
plate elements based on the above mentioned plate theories, one of which is the shear locking phenomenon. It can be seen
that considerable effort has been devoted to suppress shear locking [2, 3, 12, 28].
Approach. However, plates are essentially three dimensional structures. For predicting the realistic behaviour, more accurate
analytical/numerical models based on the three-dimensional models are required. In this paper, we study the free vibration
and mechanical buckling of plates with in-plane inhomogeneity using a recently developed three-dimensional consistent
approach [19]. This approach is based on the scaled boundary finite element method [29]. The formulations are directly
derived from three-dimensional governing equations without any plate assumptions. Only the in-plane dimensions of the
plate are discretised and any displacement-based elements can be used. The stiffness matrix is derived from the three
dimensional solution, which is expressed analytically in the through-thickness direction with Pade´ expansion. Thus, no
numerical locking arises. The use of high-order spectral elements leads to an efficient stiffness matrix construction. A
diagonal mass matrix is also derived such that the free vibration in our study is expressed as a standard eigenproblem.
Outline. The paper is organized as follows. In the following section, after discussing the functionally graded material, the
three dimensional consistent approach to analyse plate structures is presented. Section 3 describes the element employed in
this study. The numerical results for the free vibration and critical buckling of thin functionally graded material plates are
given in Section 4, followed by concluding remarks in the last section.
2. Theoretical Formulation
2.1. Functionally graded material
Consider a functionally graded material (FGM) rectangular skew plate with length a, width b, height h and skew angle ψ
made by mixing two distinct material phases, viz., a ceramic phase and a metallic phase. The ceramic phase provides thermal
stability, whilst the metallic phase provides structural stability. Assume the coordinates x, y along the in-plane directions
and z along the thickness direction (see Figure (1)). The material is assumed to be graded only in the in-plane direction
(along global x) according to a power law distribution whilst it is constant through the thickness direction. The homogenized
material properties can be computed by employing the rule of mixtures. The effective Young’s modulus E, Poisson’s ratio ν
and the mass density ρ of the FGM, evaluated using the rule of mixtures are:
E = VmEm + VcEc
ν = Vmνm + Vcνc
ρ = Vmρm + Vcρc (1)
Here Vi(i = c,m) is the volume fraction of the phase material. The subscripts c and m refer to the ceramic and metal
phases, respectively. The volume fractions are related by Vc + Vm = 1 and Vc is expressed as
Vc = (x/a)
n (2)
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Figure 1: Coordinate system of a rectangular skew plate.
where n in Equation (2) is the volume fraction exponent, also referred to as the material gradient index in the literature, and
x is referred to the global coordinate system. Figure (2) shows the variation of the volume fraction of ceramic phase along
the in-plane directions.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
0.2
0.4
0.6
0.8
1
x/a
V
c
n = 0
n = 0.5
n = 1
n = 2
n = 5
n = 10
Figure 2: Volume fraction of the ceramic phase as a function of global x-coordinate.
2.2. 3D governing equations for plate structures
Consider a plate of constant thickness h and with length a and width b (see Figure (1)). The displacement components
along the (x, y) directions and z−direction are denoted as ux = ux(x, y, z), uy = uy(x, y, z) and uz = uz(x, y, z). The
displacement vector u = u(x, y, z) is arranged as u = [uz, ux, uy]T. The strains {ε} = {ε(x, y, z)} are expressed as
ε = [εz εx εy γxy γyz γxz]
T = Lu, (3)
where L is the differential operator. The stresses σ = {σ(x, y, z)} follow from Hooke’s law with the elasticity matrix D as
σ = [σz σx σy τxy τyz τxz]
T = Dε. (4)
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The equation of equilibrium with vanishing body force is written as
LTσ = ρu¨ (5)
and the bottom and top surfaces of the plate may be subjected to surface traction. The strain energy U , the work done by the
applied external forces V and the kinetic energy T is given by:
U =
∫
Ω
[εxσx + εyσy + γxyτxy + γxzτxz + γyzτyz + εzσz] dΩ
V =
∫
Ω
[
Nx(uz,x)
2 +Ny(uz,y)
2 + 2Nxyuz,xuz,y
]
dΩ
T =
∫
Ω
ρ[δ(ux)u¨x + δ(uy)u¨y + δ(uz)u¨z] dΩ (6)
The derivation of the governing equations is based on the principle of virtual work equation
δ(U + V − T ) = 0 (7)
In the following section, the scaled boundary finite element method will be employed to derive the stiffness matrix for the
plate structure. The conventional finite element procedure [35] is employed to derive the mass matrix M and the geometric
stiffness matrices, KG.
2.3. 3D consistent approach for plate structures
The geometry of the plate is modeled by translating the two dimensional (2D) mesh along the z−direction, where the
geometry of an in-plane 2D plate elements is obtained by interpolating the nodal coordinates x and y using the shape function
N(η, ζ) formulated in the local coordinate η and ζ
x(η, ζ) = N(η, ζ)x (8)
In this study, N is based on high-order spectral elements that are detailed in the next section. However, other shape functions,
such as the moving least square approximations (MLS) and non-uniform rational B-splines can be also employed to discretize
the in-plane dimensions.
The strain in Equation (3) is rewritten as
ε = b1u,z + b2u,η + b3u,ζ (9)
4
where
b1 =
1
|J |


1 0 0
0 0 0
0 0 0
0 0 0
0 0 1
0 1 0


;
b2 =
1
|J |


0 0 0
0 y,ζ 0
0 0 −x,ζ
0 −x,ζ y,ζ
−x,ζ 0 0
y,ζ 0 0


;
b3 =
1
|J |


0 0 0
0 −y,η 0
0 0 x,η
0 x,η −y,η
x,η 0 0
−y,η 0 0


. (10)
The 3D displacement field of the plate, u, is represented semi-analytically here. The displacement variations along the
line pass through a node of the 2D mesh and normal to the mid-plane are expressed analytically by functions u(z) of the
coordinate z. The 3D displacement field is described by interpolating the displacement functions u(z) using the same shape
function N ≡ N(η, ζ) such that u = Nu(z). By employing the principle of virtual work as shown in [19] for the full
derivation, the internal nodal force is derived into
q(z) = E0u,z (z) +E
T
1 u(z) (11)
Satisfying the virtual work equation also brings
q,z(z) = E1u,z (z) +E2u(z) (12)
where E0, E1 and E2 are the scaled boundary finite element coefficient matrices:
E0 =
+1∫
−1
+1∫
−1
BT1DB1|J | dη dζ
E1 =
+1∫
−1
+1∫
−1
BT2DB1|J | dη dζ
E2 =
+1∫
−1
+1∫
−1
BT2DB2|J | dη dζ (13)
with
B1 = b1N; B2 = b2N,η + b3N,ζ (14)
where D is the elasticity matrix
D =
E(x)
1− ν2(x)

 1 ν(x) 0ν(x) 1 0
0 0 1−ν(x)2

 , (15)
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and is evaluated with Equation (1). The determinant of the Jacobin matrix is given by |J | = x,ηy,ζ − x,ζy,η. By introducing
the variable
X(z) =
{
u(z)
q(z)
}
, (16)
Equations (11) and (12) are combined into
X,z (z) = −AX(z) (17)
with the coefficient matrix
A =
[
A11 A12
A21 A22
]
=
[
E−1
0
ET
1
−E−1
0
−E2 +E1E
−1
0 E
T
1
−E1E
−1
0
]
. (18)
The general solution of X(z) is given as
X(z) = e−Azc (19)
By applying a Pade´ expansion of order (2, 2) to express X(z) and substituting the boundary conditions at the top and bottom
surfaces of the plate, a 3D consistent stiffness matrix is obtained [20]. When further transforming the 3D displacements into
typical plate degree of freedoms d = [θ,u]T, the stiffness matrix for the plate is devised:
K = h
[
E0
(
I+ h2V11
)
ET
1
E1
(
I+ h2V11
)
− h2V21 E2
]
(20)
where
V11 =
1
12(A
2
11
+A12A21); V21 =
1
12(A21A11 −A
T
11
A21) (21)
Note that plate kinematics is then enforced such that θz = ux = uy = 0 to reduce the size of the stiffness matrix. The matrix
equation governing free vibrations may be expressed as
(K+ ω2M)v = 0 (22)
in which the global mass matrix of the plate structures is defined as
M = ρ
∫
Ω
NTHN dΩ (23)
with the transformation matrix
H =


h3
12 0 0
0 h
3
12 0
0 0 h


(24)
where H is used to transform the 3D consistent mass matrix obtained from the kinetic energy into the one with plate DOFs, ω
is the natural frequency and v is the corresponding mode shape. The stability problem involves the solution of the following
eigenproblem
(K+ λKG)d = 0 (25)
where λ is the critical buckling load parameter, a constant by which the in-plane loads must be multiplied to cause buckling
and KG is the geometric stiffness matrices. The geometric stiffness matrix is given by:
KG =
∫ {
GTb N
◦Gb +G
T
s1N
◦Gs1 +G
T
s2N
◦Gs2
}
dΩ (26)
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where
Gb =
[ ∂N
∂x
0 0
∂N
∂y
0 0
]
;
Gs1 =
[
0 ∂N
∂x
0
0 ∂N
∂y
0
]
;
Gs2 =
[
0 0 ∂N
∂x
0 0 ∂N
∂y
]
. (27)
and
N◦ =
[
Nx Nxy
Nxy Ny
]
(28)
The natural frequency and critical buckling load in Equations (22) and (25) are computed using a standard eigenvalue
algorithm.
3. Element description
High-order spectral elements are used in this study to discretize the in-plane dimensions of the plate. As the formulation
presented here is 3D consistent, in order to represent the constant curvature, the minimum requirement is that the second
derivative of the shape function is a constant. Hence, we require a second order element. However, for better convergence
and accuracy, in this study we have employed a 3rd order element (see Figure (3)). The 2D shape functions are obtained by
the product of two sets of 1D shape functions defined separately in local coordinates η and ζ:
Ni(η, ζ) = Niη(η)Niζ (ζ) (29)
Denoting the orders of the two 1D elements as pη and pζ , respectively, the total number of nodes of the 2D element is equal
to nd = (pη + 1)(pζ + 1). The local nodal number i = 1, 2 , ..., nd is defined by the nodal numbers iη , iζ of the two 1D
elements as
i = (iζ − 1)× (pη + 1) + iη (30)
and the nodal number ascends firstly along η direction and then ζ direction. This also applies to the weights such that
wi = wiηwiζ . (31)
The coefficient matrices E0,E1 and E2, the mass matrix M and geometry stiffness matrix KG are computed using Gauss-
Lobatto-Legendre quadrature. As demonstrated in [10], E0 becomes a lumped matrix. Consequently, the inversion of E0 ,
which is required to compute the stiffness matrix, becomes trivial in Equation (18). This leads us an efficient stiffness matrix
construction. With the same quadrature, a diagonal mass matrix is also obtained and the 3×3 submatrix Mi corresponding
to the diagonal block of the ith node is expressed as
Mi =
∫
Ω
Ni(η, ζ)HρNi(η, ζ)|J | dΩ = wiHρ|J | (32)
4. Numerical Results
In this section, we present examples of the free vibration and the mechanical buckling of plates with in-plane material
inhomogeneity based on the approach discussed in the previous section. The effect of various parameters, viz., material
gradient index n, the skewness of the plate, ψ, the plate aspect ratio a/b, the plate thickness b/h and the boundary conditions
on the global response is numerically studied. The FGM plate considered in this study is made up of silicon nitride (Si3N4)
and stainless steel (SUS304). The material is considered to be temperature independent. The mass density (ρ), Young’s
modulus (E) and Poisson’s ratio (ν) are ρc = 2370 Kg/m3, Ec = 348.43 GPa, νc = 0.24 for Si3N4 and ρm = 8166 Kg/m3,
Em = 201.04 GPa, νm = 0.3262 for SUS304.
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Figure 3: 3rd order element: (a) Nodal location (b) 1D shape functions (c) 2D shape function.
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Validation. Before proceeding with the detailed numerical study, the formulation developed herein is validated against avail-
able numerical results pertaining to isotropic plates for fundamental frequency and critical buckling load. Table 1 compares
the first non-dimensionalized fundamental frequency and critical buckling load factor for a simple supported square plate
based on a progressive mesh refinement. It is observed that with decreasing element size, the non-dimensionalized frequency
and the non-dimensionalized critical buckling load converges. It can be seen that the results from the present formulation
compare very well with the available solutions, a structured mesh of 8×8 with 3rd order element is found to be adequate to
model the full plate. This mesh is, therefore, used in the subsequent studies of this section.
Table 1: Convergence of the non-dimensionalized fundamental frequency (ω) and the critical buckling load parameter (λcru)
with plate thickness ratio b/h = 1000. The plate is simply supported on all the edges.
Mesh ω = ω
(
a
pi
)2√ ρc
Dc
λcru =
N◦xxcrb
2
pi2Dc
2×2 2.0035 4.0154
4×4 1.9997 4.0010
8×8 1.9995 4.0000
Ref. [25] 1.9974 4.0000
Ref. [1] 1.9974 -
Ref. [15] 1.9993 -
4.1. Free vibration
In this section, the free vibration of FGM rectangular and skew plate with side lengths a and b and thickness h is studied.
In all cases, we present the non-dimenisonalized flexural frequencies, unless specified otherwise, as:
ω = ω
(a
pi
)2√ ρc
Dc
(33)
where Dc = Ech
3
12(1−ν2) and ρc are the flexural rigidity and the mass density of the ceramic phase, respectively. The influence
of the plate thickness ratio b/h, the material gradient index n and the boundary conditions on the first non-dimensionalized
frequency is shown in Table 2. It indicates that with increasing plate thickness ratio, the non-dimensionalized frequency
decreases irrespective of the boundary conditions of the plate. This can be attributed to the decreased flexural rigidity. Table
2 also shows that the non-dimensionalized frequency reduces with increasing material gradient index n due to the increase in
metallic volume fraction. Figures (4) - (5) illustrates the influence of the plate aspect ratio a/b and the material gradient index
n on the first four non-dimensionalized frequency for a plate with simply supported edges and clamped edges, respectively.
The non-dimensionalized frequency decreases for both simply supported and clamped boundary conditions with increasing
plate aspect ratio a/b ratio or increasing material gradient index n. Table 3 shows the influence of the skew angle ψ and
the gradient index n on the first four non-dimensionalized frequency for a square FGM plate with b/h = 100. The plate is
subjected to simply support and clamped boundary conditions on alternating edge, i.e, SCSC. With increasing skew angle
ψ, the non-dimensionalized frequency increases, whilst the frequency decreases with increasing material gradient index n.
This can be attributed to the change in the flexural rigidity due to the change in the geometry of the plate and the increase in
the metallic volume fraction.
4.2. Buckling
In this section, we present the mechanical buckling behavior of FGM rectangular and skew plates with in-plane material
inhomogeneity under uni- and bi-axial compressive loads. In all our cases, we present the non-dimensionalized critical
buckling parameters, unless otherwise specified, as:
λcru =
N◦xxcrb
2
pi2Dc
λcrb =
N◦yycrb
2
pi2Dc
(34)
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Table 2: Influence of the boundary conditions, the plate thickness ratio b/h and the material gradient index n on the non-
dimensionalized fundamental frequency of a square plate.
b/h Gradient index, n
0 0.5 1 2 5 10
SSSS
1000 2.0000 1.3976 1.1865 1.0212 0.9021 0.8665
100 1.9995 1.3972 1.1861 1.0209 0.9018 0.8662
50 1.9978 1.3960 1.1851 1.0200 0.9011 0.8655
CCCC
1000 3.6461 2.5437 2.1543 1.8470 1.6320 1.5773
100 3.6431 2.5415 2.1524 1.8454 1.6306 1.5759
50 3.6341 2.5349 2.1467 1.8406 1.6263 1.5718
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Figure 4: Influence of the plate aspect ratio on the first four non-dimensionalized frequency for a simply supported FGM
plate with material gradient indexes n = 0, 1, 5, 10.
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Figure 5: Influence of the plate aspect ratio on the first four non-dimensionalized frequency for a clamped FGM plate with
material gradient indexes n = 0, 1, 5, 10.
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Table 3: Influence of the skew angle ψ and the material gradient index n on the first four non-dimensionalized frequencies
of a SCSC square FGM plate with b/h = 100.
Skew Gradient index, n
Angle 0 0.5 1 2 5 10
ψ Ref. [14] Present
ω1
0◦ 2.934 2.9316 2.0419 1.7352 1.4960 1.3275 1.2818
15◦ 3.111 3.1107 2.3818 2.0455 1.7445 1.5076 1.4516
30◦ 3.746 3.7555 3.1157 2.7422 2.3501 1.9916 1.9151
45◦ 5.341 5.3647 4.7620 4.3136 3.7529 3.1333 2.9658
ω2
0◦ 5.548 5.5466 3.8578 3.2565 2.7880 2.4626 2.3795
15◦ 5.765 5.7502 4.3782 3.7537 3.1938 2.7414 2.6146
30◦ 6.514 6.5364 5.3893 4.7608 4.1176 3.5244 3.3750
45◦ 8.488 8.5580 7.5554 6.9019 6.1311 3.1263 2.9457
ω3
0◦ 7.024 7.0242 4.9013 4.2054 3.6514 3.2228 3.0785
15◦ 7.579 7.5625 5.8082 5.0302 4.3229 3.7304 3.5363
30◦ 8.450 9.4358 7.8143 6.8921 5.9187 4.9814 4.6545
45◦ 12.559 12.6199 11.0078 10.0606 8.9901 5.3264 5.1068
ω4
0◦ 9.586 9.5671 6.7129 5.7526 4.9765 4.3725 4.1708
15◦ 9.552 9.5381 7.2636 6.2959 5.4370 4.7372 4.5186
30◦ 10.224 10.2492 8.4668 7.5816 6.6930 5.9038 5.7063
45◦ 13.899 13.9775 12.5132 11.4675 10.1024 7.6899 7.0433
12
where λcru and λcrb are the critical buckling parameters corresponding to uni- and bi-axial compressive loads, Dc =
Ech
3
12(1−v2)
. The influence of plate aspect ratio a/b on the critical buckling load parameter is shown in Figure (6) subjected
to uni- and bi-axial compressive loads. The influence of material gradient index n is also shown. It is seen that the critical
buckling parameter decreases with increasing plate aspect ratio and material gradient index.
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Figure 6: Critical buckling parameters of a rectangular plate with material gradient indexes n = 0, 1, 5, 10 : (a) uni-axial
compressive load; (b) bi-axial compressive load.
The influence of the plate thickness ratio b/h, the material gradient index n and boundary conditions on the critical
buckling parameter is given in Table 4. The influence of the skew angle ψ on the critical buckling parameters of a simply
supported FGM skew plate with b/h = 1000 is given in Table 5. It can be seen that the critical buckling parameters obtained
from proposed technique are in good agreement with the results available in the literature [8] for an isotropic plate. It is seen
that increasing the critical buckling parameter for both uni- and bi-axial compressive load decreases with increasing material
gradient index and the skew angle. This can be attributed to the decreasing flexural rigidity and increasing metallic volume
fraction respectively.
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Table 4: Influence of the plate thickness ratio b/h, the material gradient index n and the boundary conditions on the critical
buckling parameters for a square FGM plate.
b/h Gradient index, n
0 0.5 1 2 5 10
Ref. [34] Present
SSSS
1000
λcru 4.0000 4.0000 3.4553 3.1651 2.8861 2.6435 2.5474
λcrb 2.0000 2.0000 1.7356 1.5962 1.4573 1.3285 1.2761
100
λcru 3.9979 3.4533 3.1632 2.8844 2.6419 2.5459
λcrb 1.9989 1.7346 1.5953 1.4565 1.3277 1.2754
50
λcru 3.9913 3.4473 3.1574 2.8791 2.6372 2.5414
λcrb 1.9957 1.7316 1.5925 1.4540 1.3254 1.2732
CCCC
1000
λcru 10.0740 10.0782 8.7605 7.9632 7.1523 6.4679 6.2671
λcrb 5.3036 5.3054 4.6056 4.2238 3.8288 3.4712 3.3533
100
λcru 10.0624 8.7426 7.9463 7.1369 6.4541 6.2538
λcrb 5.2968 4.5980 4.2167 3.8222 3.4652 3.3475
50
λcru 10.0034 8.6894 7.8962 7.0910 6.4129 6.2143
λcrb 5.2711 4.5752 4.1954 3.8026 3.4473 3.3301
Table 5: Influence of the skew angle ψ and the material gradient index n on the critical buckling parameters for a simply
supported in-plan FGM skew square plate with b/h = 1000.
Skew Gradient index, n
Angle 0 0.5 1 2 5 10
ψ Ref. [8] Present
0◦
λcru 4.0000 4.0000 3.4553 3.1651 2.8861 2.6435 2.5474
λcrb 2.0000 2.0000 1.7356 1.5962 1.4573 1.3285 1.2761
15◦
λcru 4.3946 4.4026 3.9951 3.7161 3.3932 3.0937 3.0435
λcrb 2.1154 2.1191 1.9267 1.7997 1.6537 1.5143 1.4991
30◦
λcru 5.8966 5.9316 5.5845 5.3066 4.9138 4.4514 4.4811
λcrb 2.5365 2.5503 2.4006 2.2868 2.1344 1.9766 2.0898
45◦
λcru 10.1031 10.1171 9.7879 9.4940 9.0046 8.1707 8.2645
λcrb 3.6399 3.6326 3.5109 3.4063 3.2425 3.0212 3.5359
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5. Conclusions
In this article, we presented a three dimensional consistent approach that does not require ad hoc shear correction factors
to analyse plate structures. Based on this approach, we studied the free vibration and mechanical buckling of thin functionally
graded material plates considering various parameters such as the material gradient index, the thickness ratio, the plate aspect
ratio and the boundary conditions. From the detailed numerical study, it can be concluded that the material gradient index has
strong influence on the fundamental frequency and the critical buckling load parameter. It is also observed that the change in
the non-dimensionalized frequency and the critical buckling load parameter is significant for material gradient index n ≤ 2.
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